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INTRODUCTION 
There has been considerable interest in the shape of the profile of 
bubbles and droplets for over 150 years. Initially, an equation was need­
ed to describe the shape of the meniscus and to explain the phenomenon of 
capillary rise. Laplace and others derived an equation which applied to 
a static droplet using a force balance on an element of the interface. 
The physical constants in this equation were the densities of the two 
fluids and the interfacial tension. 
When the droplet was considered to be a surface of revolution, the 
force balance could be combined with the equations resulting from the 
assumption of axial symmetry to obtain a set of differential equations 
whose solution was the profile of the droplet. These equations could not 
be solved analytically but they were considered sufficiently important 
that they were solved by hand for a large number of cases using numerical 
integration. The results were used to measure the interfacial tension and 
are still in use today. 
Because of the availability of a large, fast computer it is now 
possible to accomplish in a few minutes what previously required months 
of tedious calculation. This machine allows additional assumptions about 
the nature of the interface, whose validity can be determined only by the 
use of long and involved iteration schemes, tp be investigated. 
The purpose of this investigation was to determine if the equations of 
Laplace could be used as a basis to describe the profile of a droplet form­
ing on a submerged plate. The effects of flow rate and orifice size on the 
shape of the droplet were to be studied. As a result of this, it was also 
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necessary to consider extending the range over which the equations were 
applicable by adding terms not related to flow effects. 
3 
LITERATURE REVIEW 
The equations which predict the profile of a static droplet were 
developed by several investigators including Laplace (l). The principal 
expression in this development resulted from a pressure balance on a 
small element of the interface. Included in the balance was a term which 
accounted for the inward pressure due to the interfacial tension and the 
curvature of the surface. When the droplet was assumed to be a surface 
of revolution, this term permitted a set of three ordinary differential 
equations whose solution was the profile of the droplet to be developed. 
The equations could not be"solved analytically, so Bashforth and 
Adams (2) developed a technique to solve them numerically. In order to 
make their solutions as general as possible, the equations were expressed 
in dimensionless coordinates using a single parameter which contained all 
of the fluid properties. The results were published in the form of tables 
which contained solutions for particular values of the parameter. By 
considering a parameter of this type, Lohnstein (3) concluded that when 
the volume of the static droplet exceeded a critical value, the droplet 
would become unstable and a portion of it would separate from the plate. 
Freud and Harkins (U) using the tables of Bashforth and Adams were 
able to confirm the conclusion of Lohnstein. When the parameter contain­
ing the fluid properties is plotted versus the volume of a static droplet, 
there is a maximum in the curve. Since the droplet may not decrease in 
volume, it must separate from the plate at this maximum. More importantly 
for this study, the equations of Laplace no longer apply once the volume 
exceeds the critical value. The critical volume is the maximum volume that 
1+ 
the droplet may contain and still be mechanically stable. 
Because the equations of Laplace could not be easily manipulated 
mathematically, several investigators attempted to predict the volume and 
surface area of a forming droplet by considering the geometry of the 
profile (5,6) or by using dimensional analysis (?). Since the profile of 
a droplet may change markedly when a different plate material is used, 
any correlations which are based on an assumed drop geometry are 
necessarily very specific (8). 
Attempts were also made to use the tables of Bashforth and Adams to 
develop correction factors which allowed simpler formulas to be used to 
predict the volume of a static droplet (9)- These factors were then used 
in mathematical models which predicted the volume of the droplet at 
separation (10,11). The profiles of a droplet in the region where the 
static equation applies and those at separation are quite different and 
the development of a sufficiently general correction factor would be very 
difficult. 
An excellent qualitative description of the growth of a droplet was 
given by Manfre' (12). This paper carefully describes the growth process 
and in particular, notes that the initial droplet is different from all 
others. Since this study was concerned with extrusion, the viscosities 
and orifice sizes which were considered permi,tted assumptions which are 
not reasonable for the conditions normally encountered in liquid-liquid 
extraction. 
Several additional papers (13,14,15) have been written which illus­
trate how the relationship of surface area and volume to flow rate and 
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orifice size could be used if it were available. In many of these 
studies, the droplets were assumed to have a spherical geometry. An 
examination of the actual profiles of droplets clearly indicates how 
inadequate this assumption is in/most cases. 
6 
DESCRIPTION OF THE PROFILE 
Forming Droplet - Below Critical Volume 
Any difference in the profiles of a forming and a static droplet must 
be a result of the motion of the fluid within the droplet. The normal 
path for an element of fluid to follow would be to flow directly from the 
orifice to the apex of the droplet and then parallel to the interface 
(Figure l). The fluid element causes an outward pressure on each segment 
of the interface as it is diverted slightly from its path. 
In order to calculate the magnitude of this pressure, several assump­
tions concerning the type of flow and the nature of the interface of the 
forming droplet are required. Plug flow with negligible viscous dissipa­
tion was assumed because the rate at which the fluid impinged upon an 
element of the interface could be easily calculated. The interface was 
assumed to have a negligible velocity relative to the fluid elements and 
the net force acting on any small segment of the interface was assumed to 
be zero. In addition, the drag due to the flow of the continuous phase 
on the surface of the droplet was assumed to be negligible. 
For elements in plug-flow, the rate at which fluid from the orifice 
impinges upon a circular area, ds, located at the apex of the droplet 
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would be (m/irR )ds. This impinging stream would produce a normal force, 
dF, on the stationary interface and would then be diverted equally in all 
directions in a horizontal plane tangent to the surface of the droplet 
(13). 
dF = (i)ds(-^) . (1) 
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Figure 1. Diagram indicating the assumed flow pattern and coordinate systeni 
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The outward pressure at the apex of the droplet on the interface due to 
the movement of the fluid is then: 
This is the term which must be included in the static equations because 
of the motion of the fluid. Although it is valid only at the apex of 
the droplet and a more general term will be needed to obtain the entire 
profile. Equation 2 will be required when considering the pressures on a 
general element of surface. 
Figure 2 is a force diagram for an element of surface located anywhere 
on the interface of the growing droplet. (dF/ds) is again the outward 
pressure due to the moving fluid impinging on the element. If the forces 
are assumed to be balanced: 
p + T(§^ + 1) = p + (dF/ds) . (3) 
X p 
The term T(, developed by Laplace and derived in the Appendix, 
X p 
is the pressure due to surface curvature and surface tension. 
Equation 3 will now be rearranged and simplified so that it may be 
combined with the equations which result from the assumption of axial 
symmetry. The pressures P and p may be expressed in terms of their values 
at the origin plus a static head term. 
P = + D gZ (4) 
p = + d gZ (5) 
These equations may then be combined with Equation 3. 
p^ + dgZ + T(^^ + z) = PQ + DgZ + (dF/ds) (6) 
X p 
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Figure 2. Pressure balance on an element of the interface 
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Using Equation 2, each of the terms may be evaluated at the origin 
(X,Z = 0): 
+ 2T/b = + (m^/ir^R^D) , (j) 
where b is the initial curvature as defined by Bashforth and Adams. 
Equations 6 and 7 are then combined to eliminate the difference in 
pressure across the interface at the origin. 
dgZ + T(^ + =) = + DgZ + g . (8) 
X p ° nR^D CIS 
This equation can be simplified by introducing dimensionless variables 
(p = p/b, Z = Z/b, X = X/b) and two dimensionless groups, g and f. 
i= 2.0 - f BZ (9) 
@ (10) 
f = • (11) 
TT TR D 
The parameter g contains the physical properties of the fluid, while f is 
the dynamic pressure caused by the fluid impinging on the interface at 
the apex of the droplet• 
Equation 9j which is in the form used in determining the profile of 
the growing droplet, has the same restriction as the equation of Laplace, 
namely that the volume of the droplet must be less than the critical value 
(U). As mentioned previously, the critical volume is the maximum volume 
which the droplet may contain and still be mechanically stable. 
The additional equations necessary to obtain a solution can be 
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developed "by considering the geometry of the interface of an axially 
symmetric droplet (2). These are derived in the Appendix 
da Cos* (12) 
dl Sin* (13) 
If the term ^  (^) is adequately defined. Equations 9-1^ together 
with the "boundary conditions given in Equations 15, l6, and IT can be 
solved simultaneously to determine the profile of a growing droplet. 
(||)o =1.0 (15) 
(^)o = 0.0 (l6) 
(||)o = 1.0 (IT) 
The third boundary condition may be obtained by evaluating Equation 9 at 
the origin and using the relations: 
° (18) 
I (§). 
Equation l8 is discussed in the work of Bashforth and Adams and is a result 
of the definition of the dimensionless coordinates. 
Equation 19 indicates that the dynamic equation reduces to the static 
case at the apex since the dynamic terms cancel out and, therefore, the 
profiles of growing and static droplets should be similar near the origin. 
Consequently, the solution for the dynamic case may be initiated by 
integraling the equations applying to the static case l"or a short distance 
along the interface. 
After this initial small increment, the set of Equations 9-1^ may 
then be integrated, provided the term ^  (^) , which is dependent on the 
rate of momentum in the stream deflected at the apex, is evaluated. Since 
the tangent to the surface is horizontal at the apex, the initial increment 
may be assumed to be flat with little error. If is the X coordinate at 
the end of the initial increment, the rate of momentum in the deflected 
stream, S^, would be: 
mfx 2 
S, = ( M . (20) 
TTDR 
It is also necessary to know the rate of momentum in the stream of 
fluid coming from the orifice. The size of this stream will depend upon 
the amount of area the interfacial element projects in a plane parallel 
to the plate. If Xg is the X coordinate at the end of the second inter-
facial element, the rate of momentum, S^, in the stream coming from the 
orifice is: 
m^ {x| - X^ ) 
s ,  » — •  ( 2 : - )  
TTDR 
The only additional information needed before the integration can be 
performed for the second element are the angles at which these impinging 
streams strike the interfacial element. For this purpose, the average of 
the normal to the interface at the beginning and end of the element was 
used. If the total change in angle is small, the error involved should 
be negligible. If (j)^ is the average normal angle for the second 
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integration increment, the normal force due to the two impinging streams 
would be : 
dFg = Sin*2 ^r Cosfg . (22) 
Equation 22 applies only to the second interfacial element and a more 
general expression is needed for the remaining elements. This expression 
can be determined if it is assumed that the deflected stream leaves the 
interfacial element in a direction perpendicular to the average normal 
angle. If this is so, the rate of momentum leaving in this stream may be 
calculated by algebraically summing the momentum components of the two 
streams, and S^, in a direction parallel to the surface. From this, 
the normal force due to the deflected stream can be calculated for the next 
increment as shown in Figure 3. Hence, in general when the average normal 
for the previous increment is and that of the increment being con­
sidered (j)^, the rate of momentum in the stream leaving parallel to the 
element, S., would be : 1 ' 
S = S Cos(*.-*. J - S Sin(J). . (23) 1 _L—_L 1 1—_L P X 
The normal force on the element would be: 
dF^ . = S^ _^ Sin(({)^ -(|)^ _^ ) + S^ Cosf^  . (2U) 
For this general element the rate of momentum in the stream is: 
m^(X? - X? ) 
S, = \ (25) 
ttDR 
During the actual integration, the final X coordinate, the amount of 
surface areas, ds, and the average normal angle, (j)^, for a general element 
are unknown. Initial estimates were used in Equations 23-25 to calculate 
b /dF> 
T ^ds' the ^  (§?) term. The set of Equations 9-l4 were then integrated for a 
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Figure 3• Momentum balance on the ith increment 
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preset distance along the interface. The initial estimates were compared 
with the actual values and if any of the assumed values were in error by 
more than 0.1^, new estimates were made and the integration of the increment 
repeated. This process was continued until the entire profile was 
determined. 
The magnitude of the normal force due to the deflected stream was 
always considerably less than that due to the stream coming directly from 
the orifice. When the calculated momentum component, , of the deflected 
stream became negative, the associated force term was neglected. If is 
negative, this tends to indicate that the deflected stream was now moving 
up rather than down the interface of the droplet. This condition would 
require a much more elaborate integration scheme than developed for this 
problem. 
Since the force due to the stream S becomes zero when the X coordinate 
r 
exceeds the radius of the origin, the integration proceeds more rap.idly 
as the profile is developed. No iteration scheme is necessary if X is 
greater than R and the force due to may be neglected. 
Separating Droplet - First Stage 
The equations which describe the forming droplet are very restricted 
since they apply only as long as the volume is less than the critical 
value. Above this volume, a new equation is needed which, will apply to 
the profile. If an equation were available which described the profile 
of a droplet having no flow effects but with a volume larger than the 
critical value, an effort could be made to add the effect due to fluid 
flow in a manner similar to that done with the equations of Laplace. 
l6 
When the volume is larger than the critical value, a portion of the 
droplet will separate from the plate even though there is no flow into it. 
Near the critical value, the droplet is extremely stable and may require 
more them five minutes to complete the separation process. A droplet in 
which all of the flow effects due to formation are negligible and which 
has a volume only slightly larger than the critical value will be called 
a separating droplet. 
The basic approach which was used to derive the equation applying to 
the static case should be useful in describing a separating droplet. If 
axial symmetry and constant surface tension are assumed, the pressure 
term of Laplace and the equations of Bashforth and Adams may be used once 
a suitable pressure balance across an element of interface is developed. 
During the separation process the pressures acting on an element of 
surface must be slightly out of balance. The pressure due to surface 
curvature will vary as the separation proceeds since the sum of the two 
radii of curvature will change as the profile changes. The hydrostatic 
pressures acting on the element due to the two fluids will also change as 
the height of the droplet varies. Since these last two pressures may be 
expressed as linear functions of Z, this suggests the assumption that the 
difference in pressure across the element is also a linear function in Z. 
If this assumption is made, a pressure balance across an element of inter­
face would be of the form: 
This expression may be simplified and rearranged so that it may be 
conveniently used with the equations which result from the assumption of 
(26) 
X p 
IT 
axial symmetry. Equations 4 and 5 which express P and p in terms of their 
values at the origin may be substituted into Equation 26. 
e + cZ = p^ + dgZ + +3) - PQ - DgZ (2T) 
X p 
This equation may be evaluated at the origin: 
^ = Po + 4 -
5Lnd this result used to eliminate e, P and p from Equation 27 : 
0 0 
^ + cZ = dgZ + + z) - DgZ . ( 2 9 )  
X p 
Finally, the dimensionless groups and coordinates may be used to express 
the equation in a form which may be combined with Equations 12-l4. 
J = 2.0 + 3Z + (30) 
The initial conditions for this integration are the same as those listed 
in Equations 15-17-
Equation 30 is the same as the static equation when the term con­
taining c is neglected. The function of the parameter- c in the equation 
can be understood clearly in terms of its interaction with the parameter 3 .  
As the droplet grows the value of 3 increases until the critical 
volume is reached. At this point, any further increase would require a 
decrease in the volume of the droplet. However, the shape of the profiles 
for larger values indicates that 3 must continue to increase if the drop-
2 let is to separate. Since g and (cb /T) are of the same form, the addition 
of the parameter c permits g to continue to increase, allowing the 
separation process to continue while c compensates for this increase and 
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satisfies any necessary volume requirements. For a separating droplet, 
the parameter c vould be chosen such that the volume of the droplet 
remained a constant. 
The equations containing the parameters were programmed using the 
computer such that the value of c could be easily iterated with respect 
to the volume of the droplet at the end of the integration, g was then 
increased from its value at the critical volume and c determined such that 
the volume under the curve was equal to that measured at the start of the 
separation. This permitted the profiles of a droplet of constant volume 
to be determined for increasing values of g. 
An additional assumption of this model is that the fluid surrounding 
the droplet offers negligible resistance other than that of hydrostatic 
pressure to the change in shape of the profile. As long as the separation 
process is proceeding slowly, this assumption should be reasonable. How­
ever, once the droplet begins to have a minimum in the profile, the rate 
of the process rapidly increases. At this point, photographs of the 
droplet show that the initial curvature stops decreasing and begins to 
increase. One possible effect which might become significant is the 
resistance of the surrounding fluid. 
Separating Droplet - Second Stage 
In order to include the resistance of the surrounding fluid to changes 
in the shape of a separating droplet, assumptions must be made concerning 
the motion of the droplet and the path of the flow around the profile. 
As a first approximation, the portion of the droplet above the minimum 
or neck of the profile was assumed to be moving upward as a unit. The 
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upward velocity of this portion may change durinfi the seijaration procerjo. 
The surrounding fluid which was displaced by this upward motion was 
assumed to flow parallel to the profile and impinge against the base of 
the droplet with the same downward velocity (Figure U). This model is 
very approximate but it should assist in determining if the resistance of 
the surrounding fluid is the additional effect needed to generate computed 
profiles which are similar to those observed experimentally. 
The magnitude of this resistance on an element of the interface 
located above the neck of the droplet will depend on the upward velocity 
and the normal angle of the element. When V is the velocity aind <}) is the 
angle, the resistance would be: 
(||-) = V^ d cos^  (|) . (31) 
At the apex of the droplet ((j)=o), this pressure would be: 
(||) = V^ d . (32) 
o 
This resistance may be added to the force balance of Equation 26. 
e + cZ + P = p + T(^^ + z) + (|^) (33) 
X p 
At the apex: 
^ + 'I".+ (B • (3'*' 
O 
Equations 31-3^ may be combined and the result expressed in terms of 
dimensionless variables. 
l=2.0.6Z*S|îz-S|ai.v!M,v!M|os!jL (35) 
This equation along with those resulting from the assumption of axial 
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symmetry may be integrated to obtain the top of the profile until the 
normal angle exceeds 90 degrees. At this point, the last term in Equation 
35 which represents the inward pressure due to the surrounding fluid, must 
be omitted since any surface elements with normals greater than 90 degrees 
are assumed to have fluid flowing only parallel to them. 
The integration may be continued until the minimum or neck, in the 
profile is reached and the normal angle again becomes less than 90 degrees. 
The term representing the resistance of the surrounding fluid should again 
be included in the equation. Also, an additional pressure not included in 
Equation 35 must be included in the force balance on an element of inter­
face located below the neck of the droplet. As the fluid flows parallel 
to the profile in this region, it is diverted slightly from its path. This 
is analogous to one of the pressures involved in a forming droplet. The 
expression for in this case would be: 
2 
Cos Sin<j>^  Cos(j)^  (36) 
Si = ^  . (37) 
dF^  = + S._^  Sin(<})^ -({,._^ ) (38) 
Using these equations profiles of droplets of a known volume may be 
generated by varying the two parameters 3 and V. When V is assumed to be 
zero the equations reduce to those applying to the separating droplet. 
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EXPERIMENTAL PROCEDURE 
Photographs of droplets growing on a submerged plate were taken using 
a 4x4x8 inch Plexiglas chamber. The front of this chamber could be easily 
removed and a new plate of either a different orifice size or a different 
material could be inserted. The chamber was made this large in order to 
minimize wall effects on the profile. 
The droplets were composed of a 2:1 mixture of mineral oil and 
* 
Varsol , which was water saturated. The surrounding fluid was distilled 
water which was saturated with the mineral oil-Varsol mixture. This 
system was chosen because of ease of handling and thé size of the droplets 
formed on a submerged plate. The interfacial tension, was measured using a 
Du Nuoy tensiometer and varied slightly from batch to batch but was 
approximately 50 dynes/centimeter. The specific gravity of the mineral 
oil-Varsol phase was about 0.8U and that of. the saturated water phase 
approximately 0.99» The viscosity of the light phase was about 7 centi-
poise. All of these were measured at 25 degrees centigrade. When runs 
were made, the two feeds were maintained at 25°C using a constant tempera­
ture bath and the room temperature was also set at this value. 
A schematic of the drop growing apparatus and a photograph are shown 
in Figures 5 and 6. In order to photograph the droplets, a plate of the 
desired material and orifice size was placed in the chamber. The lower 
portion of the chamber was filled with the mineral oil-Varsol mixture and 
then the upper portion filled with saturated water. After the hypodermic 
* 
Varsol is a purified fraction of and hydrocarbons sold by the 
Humble Oil and Refining Company. 
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Figure 5> Flow diagram of the drop formation equipment 
Figure 6. Photograph of the drop formation equipment 
2lib 
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syringe had been filled with mineral oil-Varsol, droplets could be grown 
at varying flow rates using the variable speed drive. 
The photographs of a forming droplet were taken using a motorized 
Leica M2_ camera and those of a separating droplet by a Kodak-Cine movie 
camera. An object of known size was placed in the chamber so that the 
profiles could be measured from enlargements. Typical photographs of 
droplets forming on a stainless steel and a Teflon plate are given in 
Figures 7 and 8. These figures indicate that the angle of contact 
between the interface and the Teflon plate is difficult to determine 
while the contact angle for the stainless steel plate is quite clear. 
) 
Figure 7* Photograph of a droplet forming on a stainless steel plate, 
orifice diameter = 0.25 inch 

Figure 8. Photograph of a droplet forming on a Teflon plate, 
orifice diameter = 0.125 inch 
27b 
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DISCUSSION OF RESULTS 
Forming Droplet - Below Critical Volume 
When the physical properties of the fluid, the orifice radius, and 
the mass flow rate into the droplet are all known, the only quantity 
needed to obtain a profile using Equations 9-1^  is the initial curvature 
b. This is the quantity which changes as the droplet grows - decreasing as 
the volume increases until the critical volume is reached. Each particular 
droplet has associated with it a unique value of b. This value could not 
be determined with the desired accuracy from the photograph of the droplet. 
Therefore, the equations were integrated using several values of b to 
determine if there was a particular value which made the computed and 
experimental profiles similar in shape. This was the method used to 
determine how well the equations described the actual profiles. 
Included in the parameter 3 is the inberfacial tension between the two 
fluids. If mass-transfer were occurring, 3 would vary with any changes in 
the concentration at the interface. If the interfacial tension were a 
known function of droplet volume, surface area, or position on the surface, 
its variation could be included in the equations. However, this would 
make the integration more difficult and the determination of the required 
function would be difficult experimentally. Since the purpose of this 
study was primarily to investigate the accuracy of the dynamic terms, all 
of the data were taken using mutually saturated fluids and the tension 
was considered to be constant during the entire growth process. 
When the equations are integrated, the initial curvature influences 
the shape of the profile through the dimensionless groups 3 and f. All of 
the possible profiles vhich a droplet may assume can be generated by 
varying these two parameters. For a particular set of fluid properties, 
the profiles of droplets grown on the same type of plate maintain the 
same general shape as the flow rate increases because the value of b 
decreases to compensate for increases in the mass flow rate. 
When the flow conditions are held constant, 3 increases to a maximum 
as the droplet grows to the critical volume. The magnitude of the values 
which 6 assumes during this type of growth depends upon the fluid prop­
erties and the initial curvature. The location of the range of values 
which 6 assumes during this growth may be changed by using either a 
different fluid system or a different plate material. 
There are in general only two regions which produce droplets which 
have distinctly different profiles. These correspond to droplets which 
either spread out on the pHate or those which do not wet the plate at 
all and have bases which are restricted to the orifice edge. Mathematic­
ally, one droplet is normally a single valued while the other is a double 
valued function at the critical volume. 
As mentioned previously, these two types of droplets may be obtained 
experimentally by changing either the fluid system or the plate material. 
Since any change in the fluid system would introduce possible errors due 
to the measurement of fluid properties, only .the plate material was 
changed. For the system used in this investigation a change from a 
Teflon to a stainless steel plate resulted in the desired change in 
profile. 
When the Teflon plates were used, the droplet spread out on the plate 
and it was very difficult to determine experimentally whether the base of 
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the droplet was symmetric with respect to the orifice. If this were not 
so, the interface would no longer be a surface of revolution and one of 
the assumptions would be violated. The only means to check this was a 
careful examination of the photographs. In almost all droplets grown on 
this type of plate there would be some error due to this difficulty. 
Several different comparisons of the profiles of droplets grown on Teflon 
plates are plotted in Figures 9 through 11. 
The effect of the dynamic terms on the solution can be seen in 
Figure 10 where the profile that results when these terms are neglected 
is also plotted. Another measure of the importance of the dynamic terms 
is the dynamic pressure f. An examination of Equation 9 indicates that 
if f is small relative to 2.0 then the dynamic terms can probably be 
neglected. For the flow conditions of the droplet in Figure 10, f was 
approximately O.96. 
Also plotted in Figure 10 as well as Figure 11 is the profile corres­
ponding to the b value which compared to the experimental data if the 
static equation was used. As would be expected, the two families of 
curves for the static and dynamic cases are similar but Figure 11 indicates 
that the static equation is inadequate in this case. 
Since the surface area and volume of static droplets have been 
tabulated, it would be desirable to use the static equation if possible. 
Practically, the static equation may be used as Icng as the value of the 
dimensionless group f is small compared to 2.0. In order to calculate f, 
a value of the initial curvature b is needed. This value may be obtained 
by estimating 3 and then calculating b, using Equation 10. For submerged 
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Figure 9. Comparison of profiles ; Teflon plate, f = 0.39, orifice diameter = 0.25 inch 
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Figure 10. Comparison of profiles; Teflon plate, f = O.96, orifice diameter = 0.125 inch 
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Figure 11. Comparison of profiles; Teflon plate, f = 1.82, orifice diameter = 0.0625 inch 
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sessile droplets, 3 is almost never less than -4.0 and may be assumed 
to be -1.0 if no other information is available. This should give a value 
of b which will probably be conservative for most droplets with a signifi­
cant volume. 
The droplet did not wet the plate at all when a stainless steel plate 
was used. Since the base of the droplet is determined by the edge of the 
orifice in this case, the interface will be a surface of revolution as 
long as the plate is level. The computed and experimental profiles of two 
droplets growing on this type of plate are compared ih Figures 12 and 13-
The equations appear to provide a better description of droplets 
growing on this type of plate. This is probably due to the fact that 
these droplets more closely approximate a surface of revolution. 
Separating Droplet - First Stage 
It is experimentally difficult to form and photograph a separating 
droplet because it is necessary to form the droplet slowly in order to 
minimize any flow effects. The critical volume should be exceeded by as 
little as possible because when the volume becomes too great, the droplet 
will be well into the separation process before the flow effects become 
negligible. Also, since the volume under the curve is assumed to be a 
known value it is convenient to stop as closely as possible to the critical 
value. 
Although the Varsol-mineral oil-water system formed droplets which 
were easy to photograph, it was difficult to determine the volume of a 
droplet at the start of separation when a Teflon plate was used. In order 
to determine the critical value, it is necessary to know the angle of 
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Figure 12. Comparison of profiles; stainless steel plate, f - 0.6$, 
orifice diameter = 0.125 inch 
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Figure 13. Comparison of profiles; stainless steel plate, f = 0.12, 
orifice diameter = 0.25 inch 
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contact between the drop interface and the surface of the plate. Thic 
angle, which could be used as a boundary condition to stop the integration, 
appears to depend on the condition of the plate and is difficult to measure 
accurately. 
When the droplet rested on a Teflon plate, this measurement was 
almost impossible since the angle is very small and the interface not 
distinct just above the plate. Because of this difficulty for Teflon 
plates, the volume of the droplet at the start of the separation was 
obtained by comparing the initial profile to static profiles of known 
volume. Since receding contact angles are normally less than advancing 
contact angles, the angle between the profile and the plate was assumed 
to be zero in order to develop the computed profiles for a separating 
droplet. 
Although droplets may require up to five minutes before complete 
separation occurs, the profile is changing so rapidly at the end of this 
process that a movie camera running at 64 frames per second does not 
adequately record the separation. Because of the amount of film used at 
this rate is was necessary to run the camera intermittently. Frequently, 
the end of the separation would take place so rapidly than an observer 
could not respond quickly enough to start the camera. 
A sequence of profiles obtained from greatly enlarged motion picture 
frames of a separating droplet is shown in Figures l4 through 19- The 
first profile was measured immediately after the flow into the droplet 
had stopped. The computed volume under the static profile is 3-27 
milliliters. 
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Figure . Initial profile of the droplet at the start of separation 
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Figure . Profile of the droplet after the separation process has begun 
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Figure l6. Profile of the droplet during the initial stages of separation 
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Figure IT- Profile of the droplet near the midpoint of the first stage of separation 
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Figure l8. Profile of the droplet near the end of the first stage 
of separation 
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Figure 19• Profile of the separating droplet at the end of the 
first stage of separation 
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When the volume is known, a one parameter family of curves may be 
generated by varying 3 using the model developed for a separating droplet. 
The model was used to find a member of this family which was similar to 
each of the profiles in the sequence. The agreement between the experi­
mental and computed profiles appears to improve as the separation proceeds. 
These profiles are of a droplet of the mineral oil-Varsol-water 
system resting on a Teflon plate. When a stainless steel plate is used 
the profile already has a minimum at the critical volume and 3 appears 
to start decreasing immediately when separation begins. 
The last profile in the sequence. Figure 19, also contains a plot of 
the solution to the equations if the term containing the volume parameter, 
c, is omitted. This indicates that this parameter is significantly 
influencing the shape of the profile. The droplet began to have a minimum 
or neck almost immediately after this last profile was measured. 
A plot of ( ^  ) versus 3 shows another reason why a new model is 
needed to describe the droplet after the last profile in this sequence. 
The value of the parameter for the last profile is the maximum on Figure 
20 and the slope at this point indicates that some new effect is needed 
to continue the separation process. The large slope also means that the 
pressure drop across the interface would have to bêcome very large in 
order to continue the separation process. Using the computer, values of 
the volume parameter c may be found when 3 is less than 0.90, but the 
computed profiles do not correspond to any observed experimentally. 
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Figure 20. Change in value of the term containing the volume parameter 
during the first stage of separation 
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Separating Droplet - Second Stage 
The model which was developed to include the additional resistance 
to separation of the surrounding fluid contains two parameters g and V. 
Since the velocity could not be adequately measured with the experimental 
equipment available, this model was tested by determining if any members 
of this two parameter family of curves were similar to those observed 
experimentally. This certainly is not a completely satisfactory test 
but it should give some indication, if the velocities needed to generate 
the profiles are reasonable. ' 
If during this portion of the separation, the flow effects on the 
inside of the droplet were not negligible, their influence on the profile 
is probably of the same form and that observed is only the net result of 
the two flows. 
Because of the approximate nature of this model. Equations 36-38 were 
not iterated to obtain an accurate value for ^). Instead, the mag-
i X—X 
nitude of the change over the previous increment was used to evaluate the 
normal force due to the deflected stream. This force should be small in 
comparison to that of the normal stream and the error involved should be 
negligible. 
Comparisons between experimental and computed profiles are given in 
Figures 21 and 22. The agreement at best indicates that the forces acting 
on the top of the droplet have been approximated. Due to the nature of 
the equation, some force of this nature must be acting if 3 is to decrease 
during the final stages of separation. What is needed is a good model for 
the flow outside of the droplet along with some means of estimating the 
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Figure 21. Profile of the separating droplet during the initial 
pgrtign pf the second stage gf geparation 
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Figure 22. Profile of the separating droplet near the midpoint of 
the second stage of separation 
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resulting velocity distribution. The normal component of the velocity-
head could then be added to the force balance on each element of the 
interface. 
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CONCLUSIONS AND RECOMMENDATIONS 
Conclusions 
(1) The equations developed to describe the profile of a forming 
droplet provide a good représentation of the actual profile over the 
range of conditions investigated for the Varsol-mineral oil-water system. 
Unfortunately, the equations apply only as long as the volume is less than 
the critical value. 
(2) An estimate of the importance of the dynamic terms can "be made 
prior to any integration by estimating f using the parameter 8. When f 
is small relative to 2.0, the results for static droplets may be used to 
describe a forming droplet below the critical volume. 
(3) The addition of the volume parameter c to the static equations 
resulted in profiles which compare favorably to those of a separating 
droplet during the first portion of the separation process for the system 
used. 
(U) The resistance of the outside fluid appears to be the significant 
effect which must be added to the equations when a minimum develops in the 
profile. 
Recommendations 
(1) The models developed to apply to forming and separating droplets 
should be tested using different plate materials and fluid systems. 
(2) Different flow models should be developed to account for the 
resistance of the surrounding fluid for a separating droplet which has a 
minimum in the profile. 
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(3) Additional work is needed to include the flow terras in the equa­
tions developed for the separating droplet in order to describe a forming 
droplet whose volume is greater than the critical value. One possible 
approach would be to use an energy balance over the droplet to determine 
which value of c should be used for a given volume. The value of c which 
gave the minimum energy for a given value of 3 and a known flow rate 
should produce the profile of the actual droplet. 
(i+) The equations developed for the forming and separating droplets 
have been tested only when the droplet rises upon separation. Although 
these equations should also apply to hanging droplets, this should be 
verified. 
52 
NOMENCLATURE 
arc length 
radius of curvature at the origin, cm. 
3 
constant, dynes/cm . 
3 density of the droplet fluid, g/cm . 
3 density of the external fluid, g/cm . 
2 
constant, dynes/cm . 
normal force due to the impinging fluid, dyne 
dimensionless group 
2 gravational constant, 980cm/sec . 
length 
mass flow rate, g/sec. 
pressure due to the internal fluid, dynes/cm 
2 pressure due to the external fluid, dynes/cm 
orifice radius, cm. 
radius of curvature of the droplet 
momentum rate, dynes 
2 
surface area, cm . 
surface tension, dynes/cm. 
velocity, cm/sec. 
interface coordinate 
interface coordinate 
dimensionless group 
normal angle, radians 
radius of curvature of the droplet 
angle, radians 
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Subscripts 
increment number 
origin 
orifice 
Superscript 
dimensioned variable, cm., (e.g. X 
1 
2 
3 
k 
5 
6 
7 
8 
9 
10 
11 
12 
13 
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APPENDIX 
Derivation of the Equations of Bashforth and Adams 
The first of the expressions can he derived by considering the 
geometry of a small segment of the profile of the droplet as shown in 
Figure 23• 
Cose = (39) 
P 
Cos(9+d(j)) = ^  (^O) 
Eq^uations 39 and UO may be combined: 
Cos0 = Cos(6+d(j)) + ^  . (^1) 
This simplifies to; 
Cos(j)d(j> = . (^ 2) 
1 
This expression may be combined with the arc length formula: 
da = pd(j) , (U3 ) 
to yield the required expression 
 ^= Cos(j) . (Ui+ ) 
Equations h3 and UU. are two of the equations used in the integration. 
The final equation can be derived using these two expressions. In the 
limit : 
da^ = dX^ + dZ^ . (U5) 
Equations h2 and 1+3 may now be substituted into this expression: 
(pd*)^  = (pCos(|)d<}))^  + dZ^  . (i+6) 
Since dZ must always be positive : 
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do 
d x  
Figure 23. Geometry of the profile of the droplet 
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dZ = pSin(j)d(l) . (^ T ) 
In order to obtain the final relation this equation may be combined with 
the arc length formula to yield: 
II" = Sincj) . (48) 
Derivation of the Equation of Laplace 
Figure 2k is a section of the curved surface of the droplet. As the 
area of the section is increased, the change in area is: 
dA = (d+dC)(B+dB) - CB (1+9) 
dA = BdC + CdB (50) 
The work done in increasing the area is: 
W = T (BdC+CdB) . (51) 
A pressure difference AP acts across the interface on the area BC 
through the distance dE. This resisting work to the increase in area is: 
W = APBC (dE) . (52) 
By comparing triangles in the figure: 
(5±âÇ.) = ^  or dC = ^  (53) 
p+dE p p 
= à or dB = ^  . (5U) 
r+dE r r 
When the forces are assumed to be bal^ced, the work tending to increase 
the interfacial area equals the opposing work due to pressure: 
APBCdE = T (BdC + CdB) (55) 
This expression may be combined with the preceding equations to 
obtain the equation of Laplace ; 
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B+dB 
Figure 2 k .  A section of the curved interface 
6l 
Ap = T (z + =) . (56 ) 
P r 
From Figure 23, the radius of curvature r is; 
"-6* • <5T) 
This may be substituted into Equation U8: 
AP = T(i+^) (58) 
P X 
